Abstract. This is a continuation of our previous paper [14] . In [14], we introduced the first Aeppli-Chern class on compact complex manifolds, and proved that the (1, 1) curvature form of the Levi-Civita connection represents the first Aeppli-Chern class which is a natural link between Riemannian geometry and complex geometry. In this paper, we study the geometry of compact complex manifolds with Levi-Civita Ricci-flat metrics and classify minimal complex surfaces with LeviCivita Ricci-flat metrics. More precisely, we show that minimal complex surfaces admitting Levi-Civita Ricci-flat metrics are Kähler Calabi-Yau surfaces and Hopf surfaces.
Introduction
In this paper, we study the relationship between Riemannian manifolds and complex manifolds by using various metric connections and their curvature tensors.
Let (X, h) be a Hermitian manifold and g be the background Riemannian metric. It is well-known that, when (X, h) is not Kähler, the relation between the Riemannian geometry (X, g) and the complex geometry (X, h) is extremely complicated. Indeed, on the Hermitian holomorphic tangent bundle (T 1,0 X, h), there are two typical metric compatible connections:
(1) the Chern connection ∇, i.e. the unique connection ∇ compatible with the Hermitian metric and also the complex structure ∂; (2) the Levi-Civita connection ∇ LC , i.e. the restriction of the complexified Levi-Civita connection on T C X to the holomorphic tangent bundle T 1,0 X.
From the definition, it is quite obvious that the Levi-Civita connection ∇ LC is a representative of the Riemannian geometry of (X, g). It is also well-known that when (X, h) is not Kähler, ∇ and ∇ LC are not the same. The complex geometry of the Chern connection is extensively investigated in the literatures by using various methods (e.g. [3, 7, 8, 9, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25] ). However, the complex geometry of the Levi-Civita connection is not well understood although it has rich Riemannian geometry structures..
In [14] , we introduced the first Aeppli-Chern classes for holomorphic line bundles. Let L → X be a holomorphic line bundle over X. The first Aeppli-Chern class is defined as
A (X) where h is an arbitrary smooth Hermitian metric on L and the Aeppli cohomology is As we have shown in [14, Theorem 1.2] , Ric(ω) = 0 is equivalent to We conjecture that all Hopf surfaces can support Levi-Civita Ricci-flat metrics. On the other hand, every Hopf surface X has c 1 (X) = 0 ∈ H 2 (X, R). However, it is easy to show that X can not support Chern-Ricci flat Hermitian metrics, i.e. Hermitian metrics ω with Ric(ω) = 0.
As an application of Theorem 1.2, we obtain the following example which indicates that we need extra constraints to solve Question 1.1 in general: Corollary 1.3. Let X be a Kodaira surface or an Inoue surface. Then
However, X does not admit a Levi-Civita Ricci-flat Hermitian metric.
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2. Preliminaries 2.1. Chern connection on complex manifolds. Let (X, ω g ) be a compact Hermitian manifold. There exists a unique connection ∇ on the holomorphic tangent bundle T 1,0 X which is compatible with the Hermitian metric and also the complex structure. This connection ∇ is called the Chern connection. The Chern connection ∇ on (T 1,0 X, ω g ) has curvature components (2.1)
The (first) Chern-Ricci form Ric(ω g ) of (X, ω g ) has components
which also represents the first Chern class c 1 (X) of the complex manifold X. The Chern scalar curvature s g of (X, ω g ) is given by
The total scalar curvature of ω g is
where n is the complex dimension of X.
Bott-Chern classes and Aeppli classes.
The Bott-Chern cohomology and the Aeppli cohomology on a compact complex manifold X are given by
Let Pic(X) be the set of holomorphic line bundles over X. As similar as the first Chern class map c 1 :
A (X). Given any holomorphic line bundle L → X and any Hermitian metric h on L, its curvature form Θ h is locally given by − √ −1∂∂ log h. We define c 
On a compact complex surface, a balanced metric is also Kähler, i.e. dω g = 0. It is well-known many Hermitian manifolds can not support balanced metrics, e.g. Hopf surface S 3 × S 1 . It is also obvious that balanced metrics are Gauduchon.
It is obvious that, 
We can extend the metric g and the Levi-Civita connection ∇ to T C M in the C-linear way. Hence for any a, b, c, d ∈ C and X, Y, Z, W ∈ T C M , we have
Let (M, g, J) be an almost Hermitian manifold, i.e., J :
The almost complex structure J is called integrable if N J ≡ 0 and then we call (M, g, J) a Hermitian manifold. We can also extend J to T C M in the C-linear way. Hence for any X, Y ∈ T C M , we still have g(JX, JY ) = g(X, Y ). By Newlander-Nirenberg's theorem, there exists a real coordinate system {x i ,
Let h = (h ij ) be the corresponding Hermitian metric on 
for any X, Y ∈ T C M and s ∈ T 1,0 M . A straightforward computation shows that the curvature tensor R has (1, 1) components
Definition 3.1. The (first) Levi-Civita Ricci curvature Ric(ω h ) of the Hermitian vector bundle A (X). Moreover, we have the Ricci curvature relation
and the scalar curvature relation
Proof. It is easy to show that
and so
On the other hand, by formula (3.4), we have
Moreover, we have
which establishes formula (4.1). It is easy to show ∂∂ * ω, ω = ∂∂ * ω, ω .
Lemma 4.2. Let (X, ω) be a compact Hermitian manifold with complex dimension n. Suppose f ∈ C ∞ (X, R) and ω f = e f ω. Then we have
where ∂ * , ∂ * f are the adjoint operators with respect to the metric ω and ω f respectively.
and the Kodaira dimension κ(X) of X is defined as κ(X) := κ(K X ) where the logarithm of zero is defined to be −∞. 
Suppose the Levi-Civita scalar curvature s LC > 0, then the total Chern scalar curvature of the Gauduchon metric ω f is strictly positive, i.e. Suppose ω is a Hermitian metric with positive Levi-Civita scalar curvature s LC and ω f is the Gauduchon metric in the conformal class of ω, then by (4.8), we have
which is a contradiction.
Compact complex manifolds with Levi-Civita Ricci-flat metrics
Let's recall that, a Levi-Civita Ricci-flat metric is a Hermitian metric satisfying Ric(ω) = 0, or equivalently, by formula (4.1)
The first obstruction for the existence of Levi-Civita Ricci-flat Hermitian metric is the top first Chern number: Proof. Let ω f = e f ω be the Gauduchon metric in the conformal class of ω. Then by formula (4.8), the total Chern scalar curvature of ω f is Then by [24, Theorem 1.4], we have κ(X) = −∞ or κ(X) = 0, and when κ(X) = 0, K X is a holomorphic torsion.
Definition 5.3 ([4]
). Let X be a compact complex manifold. X is said to satisfy the ∂∂-lemma if the following statement holds: if η is d-exact, ∂-closed and ∂-closed, it must be ∂∂-exact. In particular, on such manifolds, for any pure-type form ϕ ∈ Ω p,q (X), if ϕ is ∂-closed and ∂-exact, then it is ∂∂-exact.
Let µ : X → X be a modification between compact complex manifolds. If the ∂∂-lemma holds for X, then the ∂∂-lemma also holds for X. In particular, Moishezon manifolds and manifolds in Fujiki class C support the ∂∂-lemma. For more details, we refer to [4, 1] and also the references therein.
Theorem 5.4. Let X be a compact complex manifold and ω be a Levi-Civita Ricci-flat Hermitian metric. If X supports the ∂∂-Lemma, then (X, ω) is conformally balanced and K X is unitary flat.
Proof. By formula (4.1), we have
since Ric(ω) = 0. Note that Ric(ω) is ∂-closed and ∂-closed, and so we have
Moreover, if X supports the ∂∂-Lemma, then the ∂-closed and ∂-exact (1, 1)-form ∂∂ * ω is ∂∂-exact, i.e. there exists a smooth function ϕ such that
It is obvious that the Hermitian metric e F n ω is Chern Ricci-flat, i.e. K X is unitary flat. Moreover, for any Gauduchon metric ω G on X, we have
Let ω f = e f ω be the Gauduchon metric in the conformal class of ω, then by (5.2), we have
6. Classification of minimal complex surfaces with Levi-Civita Ricci-flat metrics
In this section, we investigate the Levi-Civita Ricci-flat metrics on minimal complex surfaces and prove Theorem 1.2.
Theorem 6.1. Let X be a minimal complex surface with κ(X) ≥ 0. Suppose X admits a Levi-Civita Ricci-flat Hermitian metric ω. Then X is Kähler surface of Calabi-Yau type, i.e. X is exactly one of the following 
Hence, by (5.2), we obtain ∂ * f ω f = 0. Since dim X = 2, we have dω f = 0, i.e. X is a Kähler surface. According to the Kodaira-Enriques' classification, X is either an Enriques surface, a bi-elliptic surface, a K3 surface or a torus. All these surfaces are Kähler surfaces of Calabi-Yau type, and all Kähler Calabi-Yau metrics are Levi-Civita Ricci-flat.
Remark 6.2. The Hermitian metric ω with Ric(ω) = 0 in Theorem 6.1 is not necessarily Kähler. Indeed, let ω CY be a Calabi-Yau Kähler metric on X. Then for any non constant smooth function f ∈ C ∞ (X, R), we can construct a non-Kähler Levi-Civita Ricci-flat metric. By Yau's theorem, there exists a Kähler metric ω 0 such that
Let ω = e f ω 0 . Then ω is a non-Kähler metric with Levi-Civita Ricci-flat curvature. Indeed,
where we use Lemma 4.2 in the second identity.
Theorem 6.3. Let X be a minimal complex surface with κ(X) = −∞. Suppose X admits a Levi-Civita Ricci-flat Hermitian metric ω. Then X is a Hopf surface.
Proof. According to the Kodaira-Enriques' classification [2, p. 244], X is one of the following (1) a minimal rational surface; (2) a minimal surface of class VII; (3) a ruled surface of genus g ≥ 1.
Suppose X is a Kähler surface, i.e. X is a minimal rational surface or a ruled surface of genus g ≥ 1. Then the ∂∂-Lemma holds on X. Hence by Theorem 5.4, K X is unitary flat and κ(X) = 0 which a is contradiction. Hence X is non-Kähler, i.e. X is a minimal surface of class VII. By Corollary 7.1, Theorem 7.2 and Theorem 7.3 in the next section, we complete the proof. where (a 1 , a 2 ) and (b 1 , b 2 ) are the eigenvectors of some matrix N ∈ SL 2 (Z) admitting real eigenvalues α > 1, α −1 . Moreover t ∈ C and p, q, r(r = 0) are integers, and (c 1 , c 2 ) depends on (a i , b i ), p, q, r (see [11] ). Proof. Suppose ω is a Levi-Civita Ricci-flat Hermitian metric on the Inoue surface X. Let ω f = e f ω be the Gauduchon metric in the conformal class of ω, then by formula (4.8), the total Chern scalar curvature of ω f is (7.1)
